“Theoem: AU stodents love €S70.
" Prook Lot Pln) be " given aset f n students, they all love
cs 10"
Base case: PLO) s trivially tane.
Taductive Srep:

Assuma P(N) s P .
Suppose we're givea a set of Students § 8, Ss, . Sn, Saui .

By inductive hypothesis, Students in {Su=,Sn) at Love
esT0. Simlady, Students v § S, -, San ) all love C5To
= S, Sae o ve €570,

By +he punule of indaction, sinte P(0) is tug ondl
VMW‘PU\\ DP(t) |, we Rhow the Sttt s trug.

a

A: Do You 0\6(%? Whwar's Wy 7



1. Taduction

Lnduction 1S 0 technique for proving Yne W, P(n)

).l Simple Induction

To prove P 15 tue for sl neW, use
Base case : check P(0) holds
Inductive Step: Show P(R) = P(R+1) for alh R € I\

N ar™'-a
E4 Prove that 2 ar’ = = where (e, r#l, nen,
3=0

n+|

V{f Let P(n) be the stnrewment Ear3 _arr-a

. r-=i
3=0

Bose case = P(o) hads, because zarJ o = Q't:?
Taductive Step - WTS YRelN, P(k) - P(hﬂ)

Inductive ht‘\?oﬂ\es\s ASSWMQ P(k) is true , t.e.

ASSUMme Ear’ - a‘_r_’i
320 R# -1

4+ 2
wont to smw io\rw =t -4 .

R+l O e=1
S o = 5. ars + ark®
J)=0 3=0

H arft_q ar®H (-
= -l t (el | )
0 =0 + okt ok T

&rhfz- 2\-'

R
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E.9. Prove that 27 < nl Jor every integer n 4.
P Lot Pln) be thu szment 27 &l

T Baw CasR =h°\ds, because QY =1p < 4! =24
Iaductive Step: WTS VReWN R 24 P(R)= P(k+)

Assume P(R), e assume 2R <R §or some inTeqer k2 > 4
want To swow ¥ " L (k+)! = R! (RH)

Nofie that
aR*l = Q\R $a

12 R'! x A

L R! x(RH)
= (Rt !
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Prove & map with n Lines is 2-colorable , where ne N

PE Let P(" be the stapment & map with A lines IS
A — ol rable .
Base case: P(0) holds , because we can color the

- enVite map usieq o Sfﬂglc color.

Taductive Step : WTS Y REWN, P()> P(kt)
Assuwe ?(‘2), Ie. Assume Q@ map With R lines 1S



A - Cdo cable.

Want o show o map with R+l Lines 15 2= colorable
/ Given a map with R+l Lines, remove o Line £.
By IH, the new map (¢ 2 -(oloCable.
Color the new wmap .

N/ | s
.zfa

Add L back.

L divides the colored wap wATd T sides.

Pick one side cnd swap the colors

The reswt is still o valid coloring , because for each
shared border, it's einer 4 o not .

O F Wsnot £, two sides have differet (dors by IH

@ i§ (s £, two Sides now have dif§erent colors because of
the Swap,

odloleo| after lecture for Completens,

a

EQ. Prow the Sum of the §irt R odd "Mmbers is o perfect Square
P‘gz 5 P(M) be the star went z (ax-l) = > §or some meg*

. ‘ ome m, k'é y/4l
want o show A i.e. i* (”“")
oy



ket P be the SaTement X(2X-) =n*
Base case : PCVY) hdds be(aum | =12

‘Ina\udwe  Step: Assume Zb.x ) = 2 5‘, sme Rez?
Then Z (n.x-t) s (:u(-\)) + 2kt

=
g AR 1

= (R+hH*

|. 2 Strong Inductien

To prove P(n) 15 frue firall neWN , uw
Base case: check P(Q holds.
Taductive Step: Show YREN , LPYA--AP(R] = P(k+).

E4. Prove that f n vs an integer greater than | , then n
T can be Written as a Produot of primes.
P§: Basecase: 2 is o prime and & product oF Ctse,
So the Shaweur hody §or a=2
Indudtive Step: Assume all integers <) <R can
be writlen ay a pduct of Primes.
Consider R+l. TS R+l is prime, we're done.

Otheicise , Rt| = alp for sume intehees a,b with
A€ 0, bR+,




By IH, aib can be witten as a product o primes,
Hente , R+ (@n be wiitten as a product of primes.

vz, Pn).
EA- Prove that ‘E\)?fa—.amo&mt oy postage af 12 cemts or more

can be formed using just 4-cent ond 5-cent STomps.

P§: let P(n) be the Stattment n =4 15y fo- some xgel
Base R PUA) is true A= 4%3+50 |

P(1>) ,PU4), PUS) helds because ...

Taductive Step:
Assume P(n) holds for all 122 n<k for some R>
(onsider

——

Qince (ke) -4 2, by IH, (R+) 94 = 4X t5y
fr x4 €W 50 b =4-(>(-H)i&3.
ULy v EEs,
2. 0 15 Wb
Rem. WNell-ordering Principle  States SeW,s+4¢,
+hen S has a least €lement .

The Validity of the prindple of induction and strong
inductlon Follows From WOP.



I.3 Recurston

To prove o Statewent holds Sor recustively defined objects, use
Base case: the result wods for alk elements Specified in the base cage
Returive Step: Show v§ the siallement halds for each elbment used W

WMTIUCE new elewments , then Ut holds for +hese neo
elemertts .

Binay trees Can be constracted recursively.

Define height h(T) recurgively
Base case (T = root) - h,(T) =0 /TOX
Revursive Step (T=To-Ta) + (T) = [+ max(h(T), ¢ T2)

Define number of vertices n(T) recursively

Rae case (T=root): n(T =\.
Recursive Step (T=TyTa): n(T) =| +a(Ti) + aA(Ta).

Prove n(T)< 2™ _) §ur oy binary tree T
P$: Base case: T=root . Then N =| and h(D e}

o+! -‘ =‘

MSaremet hdds becauge | £
Recwsive Step: (ansider T= T, To.
want to shew N(T) < luﬂﬂ -1




Nerice that
AT | +a(Ti) + n(Ta)

D)+ h(%)+|
2 1+ (™ ) + (2 )
' T +1
- lh(T)ﬂ‘f 2’\MT) ’_‘ -
)+ 2 —

Z 2-wm x( h , L ) )
- 1(hLT.), hCTN+1 |

de§ Nap)

— a - -

_ hLT) +|



