R : There’ce more real tumbers in [0, ozrp ) than all ratisny
numb ers .

¢ True

. False



| . Cardinality oficis_

uzej_ et S be a set. If there are exactly ne distinct
elements in S | we soy S is o finie el with Cordi nadity

n

—

Notation. |S| denotes Cotral,l':\mla'f@ of § .
A=1{0,1,2,3,47
_E-_‘Q\- . A;iné‘“‘ﬂ‘sj. IA\= 5
° ‘¢‘ = O
. \103| = |

|Dei| A set s said to be inflnik (F ct & not Finite
Recald : f:A—=>B  A:labblled balls, B: [abelled bihs.
Two sets A and B hane the same cafdn'nau‘tgi, written

IA = 18], if thoe 15 a bijection from A &0 B

E9. Let S be the set of even untegers . Prove that Is|=1Z|
Py S=1. 20, 2
Z=Y..,-2,-1,0,1.2, ..}%
(onsider § : Z — S Suh thatr fn) = an.
(D[To show f 1S injecﬁve] F(®D=35b) 9a=b.

Suppox J® = §t) Jor Sime a,beZ



Tws, 20=1h. = A=b
Tams, § s injeive.
@ [To show § is surjeaive] z L5 s

let se S i
Then £5<€Z. Fwrhermove, $(39) =225 =5,
Thas, § o Swrjective. Q

A set thot 1s §inite or has the some cardinality as W\ s
called  Countable.

.Ri"l An in§inue sek S ¢ Cowmradle § we can list elements (m S
wm Q sequen(e 0o, 0,02, ... because f:fy — S given by
$ln) =, &b a bijection,

Eas.- Z s Countable.

0,1,-1, Li-2,3,%, ..

o The set of finite Length bik Strings s Cowntable.
0, 1, 00, o], 10,1, 000, 0ol, 800, ...
[A] < 1g(

@, ( Scheoder - Berngtein) ij there exist injections § - A—B

and M‘bawem sexs A and B, then there

exists a bijection h: A8




(o] & is cowntable. s

P§: Obyiougly . there's o injection fom N w &
We need to find an injecgion fom &% w W
Reatl thaty 8T =37, \ nqez'

a0 ()2 3“’.‘} .

()

SO 9, +—> mimin Y m:q/} (3 0n (n]'e(,trzsn j‘vw &+toW,
= [&F) =Wl

Dc

Rem. Tt follows that € vs cowntrable as well



I CMtD(‘ diagonauution ﬂ-rﬂuMCld'

Tw| R s uncouwntable
P{ Assume R s countable.

execasy

Since CONT CR 00T 15 contable,
list; elements v CO,1Y a5 (o, M, Iz, -
ol the dedimal representation of them as.

o = 0.d,,d,d,, .- f, = 0.00060 -
V( = 0. dlodllollz. = 0. 1105924 - ..

r‘?_:O.dwduDln.., r,=0.3261 -

Fom & real umber With decimad expansion | = 0.100 -~

F=0.dedds -~ - ith digix of
Suth thak  dj = il if dii=0
0 f dizo

Then © affers of the (™ dige with T; 0 VC, rerg
= i o veal number net on OW UsH

Hente, [0,13 05 wot counlmble, 50 R 15 not” cowable.

Rem. Similacly, tht set of Unfinite (ength bix Stnags is uncountable.

\
Sy i
M
: 1 v v v’
Rem. Ee oa“.xefuL with un(ountable sers ! ¢C|‘|J/C_ o
= : noniabl
n=| el 250 Comtab e, 3




2 . Uncomputable Functions

A furction (s compulable f there is a Computer program Ln
Some programming lanquage that finds the value of this function,

m| There are uncomputable functuons.
Ei: Claim: There’re uncountably mary functions from IN  IN
ﬁ: SuPPDSC ther€'ve Countably wmang functions from W to N
|1 o ra - 4
Fol Folo) Fl) Fol2)
I £0 £0) $i®)
f. Fal0) $20) fo(v)

£ 504 fl)n fuy +1.
52-.\(\]—3”\) M- on owr Uist.
= ... --onfude, a,

A cotp e progam is o bif Shﬁ'j Wi Jinie leegth,
= %(pm‘;l,\‘ror Prbjmmsz; 15 (owdab(g
= therere are wn tonp utable  functivns. b5



2.1 wnomputable §uaction: an example
Vvo%/amﬂw
Define TestHalt (P, ) = i “yes”

" § program P loops on inpul x

)
i§ progeam P halts on input x

TestHavt 'S uncomputable .

PS: Assume TestHalt 1s computable .
; P(P) Walts
/7

Define
Turing (P) = 1\@ ToceNer & TestHatt (10) == * Yes”
haut i TesrHar (P) == na”

Whar 14 Tvm'm) (Tv\n‘nﬂ} !
I‘& TWino(TwrinO) halts )
=) TestHaut (Tiwin  Turisg) == .
= Turing( Turing) loops forever
T Tucing (Turingd loops Jorescr,
=

Rem. A common Stragy to shew o program P s wnond wizble
LS ULS:‘A@ P % implemad tesThauts
e reducing TestHak to P’
P orpurable = TesTHut conpuivble.



[Pap]
_E_&_.'_

A s cownrobly . Given B €A, then B 15 0wty

The stakement, doviowsly helds 7§ Ao B 15 finva.

So 0SGume A B e ik,

Ao owdwele =) J bijectiin f: A=W\

Restie § on B EA o et :f: B W, munjection,
Then § :B - §(B) v a bijecbion

[ Clagin: o infif Subset N of W s coudable.
Pj' (of te daw): D&j‘\.im q: m >N re(,wsive,las bﬂ

3 g[o)rminN,
9(n+) =min neN | n2 g(n)}
L Then by constmchon , 910) 1s o bijectuin

Sinte §(B \s an infunike swhiek of W by the awm, £(B) is
owdsble L. Ynove exiSts & bijeckim 4. () - 1)
Tans, Jef: B - (6 abijeckim e B s cowntable,



