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l. G-raphs
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Pef| An (undirected simple) graph = (V,E) (s defined by
0 set of yetes V ond a set of edges E . where
elements i € ore of Sorm Uy where uveV, urv

Eq O 6 \V=1{AB,c,0)
P‘Ar <:> E=HA,3},\5,D},‘]A)C3).
©

no weltiple edges .
— net a Sple gmph . pe.

no ‘? A 8 E-Z’HAIB}/ ik}B}_}'??? ol da sel”
Sﬂf"“@ AO hot~ o siple graph, b/c 3AAT it aser.

Rem. To medel o direcred graph G= (V,E) , e can defune
Ec< VxV.

n :?b > C V=%A/B,C/D).
) E=§(3//\),(A/C)) (DIB.)3
v

. u
Guwen an edae e={u,v], we say -

- e s (inudents on vertites u and v
e W and Vv oxe nﬂl'QWooU or  adjacent

The degree of a verrex u is |{veV: fu'djeej‘l><

u




A 54;'& M=z, @'W@

Thm| ( The hand shaking thesrem) ket G = (V, B) be o graph with
m edqes. Then 2.w|=\/§vd-¢5(v) _

E-S_s let N be the number of pairs (v.e) Swm thal vis an

end poimt Of €.

Sinte each v belbnﬁs T dcj(v) paiTs | ng dey(v) = N

On Hu other hano‘J eamn ed{je belongs to 2pars , O N=2m.

Heaw, am =v§/d6’j[V).
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|. | Eulerian Touwrs
—tv—— — .., ,_
VI V}_ V.)> Vo V’.*/
[Def] A watk cs a sequence if edges 1V, vid, fw,uaj, ..

$Va,Van

A towr s O Walk that has no repeated edges, Starts
ond ends of the Same Vertex.

A Eulediam tour vs a towf that visit each edge
?Ka(tln oN(e .

Rem. A walk con be Specified by o sequence of vertices un
the order f wsik.

E 9.0An EWenan tour i ‘X’ Vo 1,2,3,4,5,3,]
4 1)



@ > » C SQIE IC’SJMIS& \S wU on E\AQV'M towr
" ;E e M EF is net viseted,
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Defl A graph 1s Connected of thee €SB a path betweea
ony disting W,V eV,

[Thm| A connected graph G has an Bulerian towr ff evey
vertex hay even o\egru,
PL: O (* ") Assume G hos o Ewlerion towe STorbing ot v,
For ol ve vV, par wp the two edges each fime we enter

and  exit .

o

Fov v, ) odditnalky pase up the STarTwy edge, and tha
Qv\olw\g ed%e.
EwWenan towr visik aul edges exadtly onte
= VYVveV, inad(cent 60’3(5 axt Pa{(ca( \
= Yvel, deglv) is even,
® ("&") Assume evey vertex v G has even degree .
Goal : Find ou Blenan touws
Stepl: Pick an wrbiftany voel w stat. .

Vo
lfeep fouﬂwinﬂ wny s ted edqes wntr] Sty R
\_/—v—\.,
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R A€grees even = Stude at Vo,

Weq2: Remove s towr
Returse on (onpected componewts.

Stef%: Splice the Ye(wrsive fows into the mam one to
6"5 a EBEwWenm towr,

E 9. Use the algqovithm above 0 Fnd an Eulerian towr un the
following graph
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Step 2

)
Stepd: VE
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2. Special Graphs

——

2| Complete Graphs

a completr gqraph with n vertices, demoted Kn, 15 &
graph that contains every possible edge.

Eq Ks

N

2.2 Bipartin Graphs

bipartiz graph partitions vertices N o two disjounst sets
V, ond Vo Sich that E < ¥gEk- Jiun]:ueV, vels]

0 Complete bipartite graph has E\\-'@';'i: , densted Ky s
E,_&' K5‘3 HU,V)= Uey,, V-éVLj

%

V| V,
TA  Student.




2.3 Hyperowbes

An n-dim hypercube |, densted &a, has a vertex for each length-n
bit sting and an edge between O pair of vertices ST they
differ in one bit.

Rem. Hypercubes can be onsTrucred recursively
To build Qawt fom 8a
. make two copies of An,
. prefocing o for one copy and | fur the orher.
. add edqges between copies of Corvesponchng vertyces.

By G 4. W O

le ::]'I ole jmj‘"
o | 06 0 M e o\
2.4 Trees «@@

DeESR ke @5 o TOWr, 5b. the only repeared vestox
| =i (5 the smgil:zd end vertey.

iDeﬂ A tree s o conected, acyclic graph.
A leaf (s o vertex of degree




Rem. Try to prove leaf lemmas :
" every tree has at least one leat " and { %
‘' a tree minus o leaf remains o tree”

They allow us to do fnduction sn trees !

Thn] T 0s a tree ees,
&= T=(V,E) s connected aad has |v| -1 edges
ﬁ_: o (" 27") We'll do induction on n=|v|’ e
Pln): tree T has N verfites =5 T has nA edqes
Base case : M=l = n-1=0 v~
pg\;,?,,)‘ Inductive Step: Sm,?pom T has n vertytes,
B leaf lemmas, we aan cemove o leaf its inudent™ edge 1o 4etr
o tree T’ with Nl vertices,
Bvﬁ I, T’ hay (Y\—l)-l = N2 edges_
= T has N-2+ =n-l edages.
@ ("E") we'll do induckion on n=|v|].
P(0) - T i connected , has n-1 edqes = T is a tree
Base ca: n=|  * v~
?m-' (. Indudtive SYP: Suppose T commecred , has n-| edges _Iv|
Bj hadshaking theotem , 10tal degree = 2 (n-) = :u)(;
=2 3veV , degl) =|_ Remave av:rrq?‘/oj- deg | osmd ifs inGglent edge.
W to 36!‘ T/ that has N1 vertites, oad N2 edges.

@‘M ?no H, T 5 cneded, no cjde
bak still get o (annegged h, and
Now, 6dding b4k v and | b, edge, -, ey X e res. T .

=) VeV, deg(n) 22
= S deqv) >
vey :

copnected,
ne ¢gcle .




IDeﬂ Acyde (s a tour where the only repeated vertices are
the stat ond end vertices .

hm] The folowing Stttements are alk equaval ent -

o T Is connected amd (Conwtauns no Mde .
e T s covmnected and has \\Il—t ea\o)es, lL)

' . T \.5 CDVW\CCtQA , Mol rCWWVt;ﬂﬂ m ea'ﬂc dﬁ'scoyquots T
e T hay e, and adeling any Sthgle edge creates a

O
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