Moffitt Library VLSB

Q: Is & possible t o\esi@n tw Streets without cross 0\3?



| Planar Grraphs

@ A qraph is called planar if &t can be drawn ta the plane
without any edges crossing . Such o drawing is called a
planar representofion of the §raph.
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Tho | (Ewler's Formula) G is o connected planar groph.
ket v = % vertices, ¢ =#edges ,
f = #faes m a planar representatun of G.

Then Vv-e+f =12
g‘f We’lW do mduction on
Bare caxe :

Inductive Step: (onsider Cr (onpected, has e ed ges.
* T (0 15 tree, then V=etl F=I
Since  (e+1) —e+ 1 =2, the formua hald,



Rem.

. 1:—& G is b atree, ther's a Ctjde.
Take any cycle and remove an edge Jewn Ct,
The resutting geaph RS v vertices <@~ -edges
ond §-1 Faces.
By TH, V-~ (e-)+(f-)=V-etf =2

v €

.7 ?
- ) (% 00 dim tivgg) + (40" R 1-diva things) +(1)-(4#2- dim thingg) =2
(Does 2 feed wnnatural ?

it comes from the “shape” of R*v 00} Sw’j‘acg sf
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Similady | diffecent nteqed can be ssigned o dlifferant

Swrfoces .

For example, take o squore,

[@ V=4 et f=| V-e+§ =414 @

Of take o dont swd‘w Torys
V=), e=2,%5=1 D v-er§=]-24 =0 @

And!! Thws Wotvon generalizes To Wigher dimensional objects :
,XI = bO'b.‘\‘ b-"“bb*

N N Suler charad enstc.



I- | Sparsity
L\P e +\t= 2.!

Cor.| For 0 connected planar graph with v=3, we howe € 2 Jy=6

P§: De:s'(yum degree of a face o be the #eolae,s on the
bowunday of the face.

deg(F) =3  deglf)=5 A
Toen 2 dea( ) =60

Since deﬂ CR) 73 foray ¢, 2€ 23T

2 <
Baﬁplananb\v] V- efj 2. ~):f ) +e-v.
2y 2te-v < ge
= e £3V-§, 0
Rem. This corollay says planar graph has “fos” edges.
E4 © Is Ky planac? lanar = @ <3y-g

%ﬂ e=9. 3v-4=3x6~6=2,
¢ £3V-6

We dont know ...




® Is Ks planac ?

e=10 3V-6=%5~6=9
@ ¢HK W

non planar |

Cor , For o connected &?\M\N bipasctie gm/ph wth v2 3 , we
have €€ 2y-4

ﬁ__‘ Simﬂarl(j)>:1:\
Now , dea(F) Z4 foraid ¢,
=), Qe)Z74f =4 (2te-y) @

= N-%21e
= €< 2V-4 n,

Eq- Is Kis non planac ?
SO T vy es
@ % -4

K3,% is nonplanar !!



.2 Kuratowski's Theorem

Def| An operation on G by removing an edge {u,v] and

adding a new verfex w together wuth edges Tu,wi, fv w3

s om elewmentory swbdavision . o o 4
U vV q V.

Rem. I G s planar, after perforaung an elementony
swhdivisen on &, CT remajns planar,

Deyl G, and G, ore homeomorphic  of they coan be obtatned

fom the Sime jraph by o Sequence of eltmentory
Sub du viswns
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’

Thi) A graph (s nonplanar if and only if ik contains o
. subgraph homeomsrphic o Ka s or Ks.

The Peterson Graph (S nonplanar,




i.i G’rwph Colordnl ¢4 . Vertices Shud eats ort

. - oring :
Ed%es Srends. . J oo
E] A coloring of a graph G (s the assignment of a color

to eah yertex such that no two adjawa: vertles ore
ass:'ﬁneol the same color.

The chromatic number X (G) s the east nwmber of colorg
needed for a coloring of this 9graph.

EJ @/ XG) =4
&
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Pop] G is o planac gqraph = X(G) &6; 2. dg®.

Pi: Sine £ 3V, mml\”%%% 22 £ 6V-I2
=) ovenge degree 5"1"%_ =6 -2 ¢

= Jue\ st. dyl) €5,

We'll mow do induction on |V

Basease: |v]=| <« X(&)=l. .
Indudive % Kempye o yerifex V with olcgme <§,
By TH the resuiting shgoqh &7 hus NG <6
Color Cr' using b (dors YCi, 0 G, Cu, Cr, Le3.
Now clor v

Snce dea (V) €5, thee’s an avaslable color among (), o, Co.
ﬂ 7 J D




Thm.| (5- cdor Theorem) G s o plomar graph =) X(G) S
ﬁ_ﬁ Agacn , We'lk do Unducttan on vl
Bare case: Iv| =1 X(G) =1
Inducrive Siep: Remove o vertex V with deg £ 5
Bt:\ IH, color the veswkung G uswing  Sc,, . (o)
Now weed ™ Color v,
If neighbors & V don't use wp all five ders, (ol or
v using o femal‘ninﬂ dor .

T hecAny
AY clﬂ\f\m of v uw wp ¢, ., G

3.

wow o 083y SUp G/
CS or Q’/CS r 'j"‘e-‘ a oo,

)

Cither (Lor ( no Nali'd colo na Hs Werbox
U (yor (ié o9 no l 6 for (m

Thi (4 - (doc Theorem) CT s o planar graph =7 -%(6) <4 |

Rem. 5- color theovem was proven in 13005,
&- color Theovem Was proven vn (9 746

Remi. 4 cdor theovem tells us & colors are enough tv color maps.
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