& - @ Today is Thucsday.
What doy is it cn 10D dags ?
What doy is ik on (0 dags 7

@ let x € R\10}. Define 2 to be o nonzerd real number
Wik that -2 = .
) What (5 Z ?
2) What's 05 ?
3) Wwat have you known X ag ?
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reSowrte : Digurete Mashemottics oand P(Pp\/{c(,«ﬂ'l?ms bj Kenneth Rosen

We’U only work with Z from/Lec‘b to Lec10)




1. Primes ond gcd

Recall : Giiven 0o €7, 040, We Say o divides b , writiea o),
§ 3cez, st oc=b,

E\ et avbeZ, not both zerd. The largest d € Z s.t.
dla and d|b s called the greatest commen divisor

of o and b, devoted gcd (0,b).

Buestion: Given suth o and b, how do we find gcd (a,b)?

@1 (Fundame_vd'od Theotem of Avithmetic) E\'e":) inTe«f)ex > 2
(o be uniquely watten as o vaduut o’j‘ primes.

M"_"_. If Q= u and b P, [’,_ P‘,_ are prime "
‘X’OCTO(‘IMWV\ then 3"4 (Q/b) mm(a.,b,) mun(az, -») ];:m(q,,

o ° |7'0
B4 120=[2 36 ond S0 =288

= = a2 o0 ¢l _ "2|3%0
=) aud (120,500) = 2.3 5" =10 '3lE
-5

Rem. But prime fadrodzotion 1s yery hard (no efficient olgorithm
'S Rown).  Fad acd (91, 287)




Let @=©_{+J§Twher¢ ab, 9.0 €Z.
g

Thea 9cd (0/b) = 9cd (31'2
P§: [exercise \n discassion]

W (The Division A\gorithm) Let @, d€Z ond avo

Then there owe wnque g, ,r€Z with 0<¢read,

suh that 0 = qlo\ tr inresl world  in |(e[c,1'a.r€.
e e
Here, ¢ \s the ﬁ , witten 0omed d or 0% 4.
,‘. —
A\gorithm
gcd (a, b):

# the Euclidean algorithm for finding gcd of a and b
# input: positive integers a, b with a >= Db

1 V\_/

if b = 0: return a

else: return gcd(b, a%b)
<0 <b,

Ej. Find 9cd (281, 9)).
247 = dIx3 4y
4l = Lexb 41
4 = 7 x2 + 0
a b = ad(287,a) =1

Thm| ( Bezowt's theorem) I§ ab el*, then there exist coeffidients
St €z suh that  gd(ap) = 50 +th '
/(""\/—4'\\/



Algovithm = Run Endidean ol qovithm backwasds t get the coefficients
This 1 called the extended Buckidean adqovithm,

E 4. Write gcd(z%f,‘ll) as o \inear (ombingtion of 187 and 91
‘167&1—&3 .y

% = leab D, T=A-@xb v

I = 7 x2 +0 = 9 - (mxé

LYK o Fiad S5€Z , 5T = 1 - 237 6 + @ i

T=1287s+90¢ = 9]
ad T o4f

2. Modwlar Avithmetic

@. Let 0b€Z and meZt If m| 0-b, we S0y
Qs (Onﬁﬂkeht to b modulo m , dcnotcd a_z_ b (W\N* f"\)_
o2 2 (med ) 100 = 2 (wed (1)

Eq ¢ 1w0-2=9%:l4x] = 0=2 (wed 7)
o =1 -| =—|1=\(’_—5—)}_’} = - =] (med2)

"H ﬁ | Umd })
Rem . The notaion * o = b (mod m)' suggests it might be some
sort of equality . The folowing theocem tells us U s
Comparing reminolers.




@ let 0,.b€Z and meZ* Then 0= b (mod m) o§E
T Nem—
o 0%mz=blwmly

ﬁ.’ By divisien Mgovithm, 49, 0, €7 0400, <M, <.
Q= O‘/AWH' (o
jl b =4, m+"0,
= 0= b = (Qgety Tty
(=) Assume azb (md m)

Then w| a-b 0£Gy,fp em
= M| (Qa-t)m + (1-G)  [-maa-T,em
—_— S
= W | -, = fa—(b =o
0L0a,flbemM

= W-%H=0 = Q=0
(&) Assuve (= (o
Then 0-b = (4a-a)M
= m|a-b,
= 0=h (wed m),
wh1=L,2%7>2.
Eg - (00 =MxT+2 = |00=2 (md7)

e =1l = —ARY 4L = -l = (med y)
—H°/°3=, ;|°/03='|

a

[00 = 2. (med 1),

SN —



A.l addition and multiphicat ion

Thm

P o=b(mdm) = Mlo-b
C=d (mdm) = m|c-4

let aibeZ ond meZt 1§ 0=b (mod m) ond C=d (mudw)

then O+ C Eb-ré (mod m) and aC =bd (mod m)

[a+c)

-(b+d) = g&-b)é((-d) |

= Mh\ + mhz_
= m(kthkd)

m \ @+d) -(b4d)
=) atC = bed (modl m).

S\\bwmﬂ aC =bd (mod m) 3 Simlar; eft as an eXerGse.

Pro

P4

vither 4»| h:-0 , or 4|n -1

=) 3\2\'&7[- ) sb. Y\V’\El'—'
= k€, st mky = C-d.
—

n= @wl‘f
@@ O|(md

let n€Z. Thm@'O o | (mod &)
Norie that n=0,1,2,3, (md 4)
n IO\ u 2 |5\ %
N 4\ 9 e
WO 0 M :
5 =

O orl (W\M“\') =m = z(mwM)'



Prop l\r_Wl= 4Rt for Some kémgé M S et the sum of
Squares of two untegers.

Pf: Suppose M=a'+b" for sowme abez 32| 0| |
R'ﬁ pve\/lous prop, Of =0 o | {od 4) 0 h

Homewr ) YY\ = 3 (wmod 4) , (onTradlictitn,
V7

Pm o=tk = Gl Q-C=b-d,
Rem. Griven 2,y € R, (Ommon Qrithmetic incude N wdr)
= od
ey, 2y, 29, Hye e 3R

- additions and Mulkiplications presecve Conqruences
. Subtating QA €Z 15 the Same as adding -a€zZ

S0 Subt@ctions preserve Longruences
. leo\mﬂ ae?L s the sawe s “"V‘W‘V"j”‘ﬂ ‘c‘i .

But wait .. Méz in qeneral 11!
existene
2.1 Loverse wnigue 7
Chiven a€l, mel’
Def] Tf x€Z sarisfies O =) (mdm), wesay x 15 a
inverse of & modulo m | denoted o mod@jm

0" is just o nofokion. Tt is NOT +he rea| nuwber &
We re only plaqing wish Z wow, vemembec 7 =

Rem.



remaindeq operskidN .

Rew -0 o, 0 €T, o7, 4 =o\wﬁo\
© vaa\ m)
= b (wf vv\) ™ (elokinswmp.

Oenvtes o inveqer O\"‘él/ ST
-, O\ f—.;\ ((V\bo{ w\)




