R: Whea T was a TA, I once tried To put students in
My disUssion Unts growps
If I group Students i 3, there’l be 2 Studewts left;
Ifl 9 roup students nfo 5 , there’'l be 3 studewts Iett)'
If I qroup students (nfo 7 , there’l be 2 Studewts Ie}t,-
Gruess : how Many Students ottended my uscusscon ?



1. Exponentiation

Notation: For a ., n€lN  we use 0" to devote (... 4
- c~/
n4 of a's

Question: How to efficiently compute § fm 7
(::>nw4 M

Tdea: I& n=2k, then 0:‘ = a?.k _ &,k' ﬂbk
I& N= 2R+, then ﬂ"‘QLEﬂ = &k.&k,a
After Gompuking 0lm the Test 18 easy |

A\gvithm

mod-exp (a, n, m):

# the repeated squares algorithm to compute modular exponentiation
# input: natural numbers a, n, mand m > 0

# output: a™n % m @ Z = d.k°/ -
if'n = 0: return 1 R o
if n is even: @_ (mod m)
2= mod-exp(a, n/2, m) o =(R)(1R) = 2 .% (ol
return (z x z) % m ((l )(Q )_—1“;7‘ (-"‘_ ’").E :
if n is odd: k 2 " hm =(&2)],m
z = mod-exp(a, (n-1)72, m & .
return (z x z x a) % m 05\=0\,k-ak-c\ S 24 (wo\w)

S-a % m:(Z—Z-a)‘/DM

Ej_. Compure 10 7.1

10 =3 (med 1)
< 107 = 3 (med 7)

— L ¢ - W o 10 o
510%%h7=3"%7 3d  (md7)



?)| =3 (med 1)

=7 =2.) (med 7)
>3 =4 (md T

% =L =2 (md7)
- 316 = 4__ (’“’d -—D

1L

(l

(LOZIB'(‘Lt" '—"7 310:3Ib-3+54"4~51 (V"\bd-’)
Hene 0° =2 = o (wd 7)
=) IDM7’07= 2% 1 =2

|

2- Linear [DngLruenoes

(oal: want to Solve linear conqruences X =b (mod m)
whe® M 7" ab e o 1S Voudable

Recalk « Tf oX=| (mod ™) then x is am invase of o modubo m
denoted 07 wodule m

c A o w exists & [3cd (0,) =1 |
B Aa ioverce of o medulo wh exists & 6(4(0\,"\) |

=

e ity 7y, TS 1AVENR (o WNique wodulo w1, and (an be fownd
A= (mhnsing extended Endidean algovithw | because

T wn §ind SLEL, sb. | = astmb
=) | = as (med m)
=7 513 on inverse 6§ o wedulo m




- If O0=b(mdm) and Cc€Z, thea 8C = be (mod m).
« (an't divide both sides by an infeger .

e9. ﬂ*’—;l[mbd 2) Z#,[ (med 2)

m| let 0.b,c€Z oand mezZzt I 0C=bc (mod m) ond
gcd( Gm) =l then O = ( ool m)
Pf Sine oud (¢,m) =1, thae exsts C7! modulo
OC = b (mod m)
= acc™ = bec! (wed m)
= 0=h (md m)

A= 7 (md7)
E4. Find oll Solwkions of 3x =4 (med7) A% x =74
Sepl: Check  9cd(3,7) =1 using Eudidenn olqonthm.
T =2x3 1
3 =23x) +o YAl =L
Stp2: Find a 3;:‘ mod:bo 7 uging extended Buckidean olgp
L=1-12x3 «
= [l > (md )]
% -0 s 0 3 wedio T
Stp3:  Zx= 4 (md 1)
3 3x =714 (ned D
= X=-9.4=-3 (md 1)
(ondude: so\wtimg owre -2+ /0 Jor n€Z

t

I




2 The Chinese Remaunder Theorem

G'OO\l’ wanb ™ Solwe %S_Tw Oj Lineaxr congruences .

n

—

E4 (x =2 (md3) €.9. 23 s a Plutdn.
{ X =% (mod5) 0 8lwkon weans o inveger Hal sattsres
U thiee  congragns.

X = 1 (wd )
Rem. For o general sustem of linear conguences, the eXisreace of
slution 1s not quaranteed. For exawple, the system

% x = | (med 2) =) A 5 0dd

X =0 (md4) =) % 3 cen.
has no so\wbon

[Deff

| The inteqers 0,k axe relotively prime 9cd(ab) =|.

Thm (The Chinese Remainder Theorem)

Let | < MMy, Ma € Z" be paitwise relatively prime,
let O, 82, ., an€Z. Thea the system
—2 % = 0 (md m) O o= 0 (medm)

i - X = g, (med Mo
2 o =g, (md M;)‘Ql&wmdm‘Q = )

E Oy (~ved M)
& VA
= = @ mlm3 T 2. M m,
has o solwtion . B\ ©3

= 8q(md M,) = %}(wd m})




Pf: bet M)=TTmy W
Mi's ore pairwrse relaiively prime,
= acd (M me) =1,
=) M woedulo m; exsts

JYEL , M= (md mi).

Now, 2¢ =M@, + oyt +aaMath s o solution T

the Sjsrem. M
Cnede: Vi | X = aiMiye (medmi) & X = g (med mo) ) -

Rem. Ta Todm,'s MSUssion , You Wk see thakt the solwtion 1n the
theorem above 15 unique mo duwko @m‘- My~ Wy
— A — N\

E9. Find the smallest positive intenec solution to the system
(med 3)
X =|% | (mod 5)

>

X =\1/ (wmed 1)

K
i



Step2: compute Y  an inverse of M modulo my;

M, =35=22 (md2)

2x2 = (med 3y = [ef Y, =2

My =21=] (mdS) = leb y, =1

My= 1S =1  (md7) =9 [ef Ua =1,

Step3: Find a Solutton

xX = alMl\‘ﬂ! ‘(’ad‘kbﬁx + 0x MY,

=238 -2+3-4- |+ 2151 =232

(onclude : Anu} solution 1S conqruent to 217 woedwle [6F

=) the smallest positive integec solution is 22

23, — 105 -0y = .3

’uum

EX.(yrep fts twe)  prime p, isteqer o st. 0F 0 (md p) .
L—

Y j’ 101, ., P13 —930)‘; P'l_

X 2 QK md p
— 1

1S o bqec’cwn

P% Hinst nm& Hot T 05 well-defined

(rva): Prowe lmectwn L N,

Now , Swppese  F(X0 = §() Jor D€ XK €31,

':‘7 O\\Alm”\ P = D\X‘LMAP

= 0%y = 0fy  (md p)

= Pl a(xx»)

Qe 15 prime, oad PYa, so P| XX,




MW OEX X, €871, s K =Xg

Thwy § 15 an injedf@n. .
(&mta t
Nefiee  dsmain and Gdoman e 6 The y@fcmwm,

35 Pigeonhde, J 05 0 bijection,

_ o \BUJ ~
) 6 C(n
l @ )
domaing (odomaing
|2 %3 Fad —\' x=2Y, § 15 an injed®h, ond

\X\ =N \m— ir Ts adCa_ Surjection,




