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1 Planar Graphs

IDefI A graph is calledplane if it can bedrawn in the plane
without any edgescrossing Such a drawing is called a

planar representation of the graph
v e f

EI no 3 2 t I 2

Lf 3 3 t 2 3

I go.IT 4 6 4 2

HHMI Euler'sFormula G is a connectedplanargraph
Let V vertices e edges

f faces in a planar representation of G
Then v e t f 2

PI We'll do induction on E
Pease E O I 0 1 2

Tneduaintep Consider G connected has e edges
If G is tree then V e ti f I
Since ett e t l 2 the formula holds



ToIf CT is not a tree there's a cycle E
Take any cycle and remove an edgefrom it
The resulting graph has V vertices e 1 edges
and f t faces
By IH V le Dt Cf D V e tf 2

B

v e f
Ree th f O dimthings ti t I dimthings tf DY 2dimthings 2

Does 2 feel unnatural
It comes from the shape of Ri U 003 surfaceof

a sphere

Similarly different integers can be assigned to different
surfaces

For example take a square

go.BZ
V 4 e 4 f I v e if 4 4 1 1

is 0 a

Or take a donutsurface torus
a v s

F I In
p e 2 f I v e t f I 211 0

And Thisnotiongeneralizestohigherdimensionalobjects
X bo b t bz by t
Eulercharacteristic



1 1 Sparsity

etf 2wµ is we haveCor For a connected planargraph ee 3v 6

PI Define the degree of a face to be the edges on the

boundary of the face
eg 9 BRIAII.EE

degCFi 3 degIFI 5 o

Then EE.deFi 2
Since degCFI 33 forany E 2e 33
f e 5 e

Byplanarity V etf 2 f 2 e v
7 Zte v e Ee
e E 3V G T

Rene This corollary says planar graph has few edges

EI Is Leggsplanar planar e e 3v 6
a co e 9 3V 6 3 6 6 12

e E 3V G

Wedon't know



Is Ks planar
e 10 3V 6 3 5 6 9

T.IE e 3v 6

nonplanar

ICorIFor a connectednoonplanarbipartitegraph with v 33 we

have e E ZU 4

PI Similarly tfdg 2 HITNow deg Fi 34 for alli
e 45 4 Zte v 8t4e
Kv 83 2e
e E w 4 B

EI Is Ks 3 nonplanar
e g W 4 2 6 4 8
E 2V 4

K3,3 is nonplanar



1 2 Kuratowski'sTheorem
C

IDefI An operation on G by removing an edge u v and

adding a new vertex w together with edges u w v w

is an dementarysubdivision GTF Tf

Remi If G is planar after performing an elementary
subdivision on G CTremains planar

IDefI G and Ga are if they can be obtained

from the samegraph by a sequenceof elementary
subdivisions

EI
I
TTT

1Thm A graph is nonplanar if and only if it contains a
subgraph homeomorphic to kz.rs or Ks

EI The Peterson Graph is nonplanar



2 Graph Coloring e g vertices students
edges friends coloring

breakoutroom
IDefI A coloring of a graphG is the assignmentof a color

to each vertex such that no two adjacent vertices are

assigned the same color

The chromaticnumber X G is the leastnumberof colors
needed for a coloringof thisgraph

XCG 4EI
gII2oooo

p

LProp G is a planar graph X G E6gEudegatvertices
PI Since eE3V 6 totalidegee 2e E lov 12

averagedegree 6V 6 ku 26
F utV s t degCV E5

We'll now do induction on Ivf
Bang 14 1 X G L
Inductivestep Remove a vertex 1 withdegree E5

By IH the resulting subgraph G has XCG a 6
ColorCT using E6 colors Ci CzCz CoxCs Co3
Now color V
Since deg u e5 there's an available coloramong4 gg



IThm 5 colorTheorem G is a planar graph X G E5

PI Again we'll do induction on IVl
Bates 14 1 X G L
Inductivestep Remove a vertex V with deg E 5

By IH color the resulting CT using gci Cs
Now need to color v

If neighbors of V don't use up all fivecolors color
using a remaining color

If neighbors of v use up 94 G3C

Cy qq.cs.no
Planarrepresentation

soon sis
a TITA Ks ad 11

EitherYo so novalid coloring forthis vertexD
lhm.TL 4 colorTheorem CT is a planar graph Xl G say

Remi 5 colortheorem was proven in 18005

4 colortheorem was proven in 19 76

Remi 4 colortheorem tells us 4 colors are enough to colormaps
o.nu map grapht.EE a


