













































Counting I CS 70 July 14,2020
Would like to answer questions like
Howmany outcomes ossible for K coin tosses
Howmany Poker hands
Howmany handshakes for n People
Howmany diagonals in a convex Polygon

Howmany 10 digits number

Howmany 10 digitsnumbers without repetition
Today's Topics
D First rule of counting
2 Second Rule of counting
3 Sum Rule
4 Combinatorial Proofs

How many 3 bit String or
How many different sequences of three bitsfrom oil
It's a sequence of numbers be be b3
use a binary tree qty bi 2
2 2 2

so

8 3 bit string q bz_2
000 001 0100 180 lol yo Ill

b 3 2
8 leaves



1 First Rule of counting product Rule
For an object that can be made by a sequence of
choices such that thereAre h choices then he choices

a g then hse steps
The number of objects to make is h xhz hk

Some Enamples
Howmany outcomes Possible for K coin tosses
outcomes heads or tails
so 2 ways for the first choices 2 way for
second 2x 2x X 2 2

K

How many Lets number k digits

Eee
k

r

IEIndcho.ie too loxiox Noto
I

yth choice 10



How many digit base_m numbers

First digit in

second a m mxmxn
n mn

nth digit m

tr
what if we assume 08 is not a twodigitnumber

asses

n digit base m number

First digit m l

second digit in Cn l xmxaxm_
n l

i
th m i Mh I
n digit in

Functions How many functions f mappings tot
domain s codomain TI Fcsi ITI ways
Si ti

FCS27 ITI ways
Sz t2 a

i i

ii a
best til f Csis

SI



Polynomials How many Polynomials of degree d K
modulo P k k k

PLA a X ta il I 8 0k k
w w

an P

am e Pxffixp.pki i

y
How many non zeroPolynomials

I I
o pktl f

as 1

Permutations Howmany 10digits numberswithout
repeating a digit
Firstdigit ID

hg
io gx8x N 10second digit D

d
i factorial

tenth digit 1

How many different samples of K from h

numbers wi t

first choice n nun Dx Nn Kal
second choiree h l h X ht X xcnkrbxcnlyx.n.at

kth choice in key
h CK 1 A



n ki

Howmany ordering of nobjects are there
Permutations of h objects
First choice n

secon.d a Lh Il huh Y x Al n

i
nth choice 1

How many one to one function from S to S
t

f Csi 1st 1st

f CSI 1st 1
151 151 1 x l

c Isl

f Sisi
I



Howmany Poker hands 5 cards from 523
Toss of

first 52
second 51 52x x48x47x 521

47th x 471
fifth 48

Are hands A K Q J 10 and f k J Q BA
the same Yes order doesn't matter

so 524 over counts the hands

Any ordering or Permutation of ft K Q J D
is the same hand
The number of ordering for YA K R J 1045
For any Possible Edgy we count that hand

5 times

Divide by 5 521
4715



2 Second Rule of count in

If the orderdoesnot matter count ordered

objects and then divid by number of
orderings

Going back to Poker hands

Howmany Poker hands 5 cards from 52

Equivalent to choose 5 cards from 52
cards order doesn't matter

Examples

choose 2 out of me h.tl h1
Z Z Ch 27

Da
Ka

choose 3 out of me nxlh txlh 4 e.NL
005J 3 3 Ln 3,1
3 2XV 3

choose_k out of 1 I y
hk

Te m choose K



To Summarize

First rule hi xnzx Xun Product rule
second rule when order doesn't matter divide

more examples

ordering of DANAOGRAINwe

Let's assume A's are distinguishable 7

a
ANAzGRAzM AANAGRAZM

3 2 1332 71
3

How many ordering of DOG 3 2 1 3

CAT



How many ordering of MISSISSIPPI
Assume letters are different hi

4 s's can be Prmuted 41 times I
41

4 I's can be
Perinuted

4 times 1
Z P's can be Permuted 21 times 11

4 4 2

3 Sum Rule

Example Assume we have two indistinguishable

jokers in 54 card deck

How many 5 card hands
Sam rules can seem over disjoint possibilities

3 disjoint possibilities
Joker or 1Joker or 2jokers

55 t
5 2 155



Assume we have two distinguishable jokers
in 54 card deck
How many 5 card hands

54

3 disjoint Possibilities
A Joker l joker 2jokers

155 41 S3

can we count differently I
54
s 43 451 55
tr

why is this correct Because we showed

that we can count the number of hands

by two different approach

This kind of Proof is called combinatorial

Proof



4 Combinatorial Proofs

Theorem k Ik
Proof come up with a counting story for each
side of the equation

Letts How many subsets of sit K Ya

Rts Hom many subsets that does not

include n k of the object
Choose a subset of site h K objects
to not take



Theorem CEI Ya
Pascal's rule M

LHS How many size k subsets of nel WYD

RHS How many size K subset with and

without first element

choose first element
need to choose k 1 more from n

th
don't choose first element
need to choose k from n

e
E Ya Ya



Theorem k k let e HE'd
T

LHS h choose k

RHS consider size k subset with Eth
element is the firs element chosen

ly 2 g g n

Choose K 1 from h I
must choose K 1 elements from h i

remaining YET

Add them up to get the total number

of size k II 11 7 EI
h LK l

so

E EI



Theorem 2 h e nu t no

LHS

RHS


